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Abstract—In this work, we will analyze and compare the 
approximation performance of physics-informed neural 
networks (PINNs) with that of ordinary neural networks (NNs) 
using numerically generated solutions of simple damped 
nonlinear pendulum dynamics. To make a fair comparison 
between the two network types, we will use linear and random 
uniformly distributed data points to test and analyze the results. 
This work emphasizes the key differences between traditional 
NNs and PINNs, analyzes their performance, and draws 
relevant conclusions. 
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I. INTRODUCTION 
The introduction of Physics-Informed Neural Networks 
(PINNs) marks a significant shift in the application of 
machine learning techniques to scientific computing and the 
newly established domain of scientific machine learning 
(SciML), particularly for solving complex partial differential 
equation (PDE) - driven problems. PINNs fundamentally 
differ from conventional neural networks, which are highly 
dependent on large datasets. Instead of looking for a lot of 
data to learn the correct patterns, PINNs recover the missing 
information from physical laws. The math behind these laws 
is integrated into the network's structure and becomes its 
main source. This extension enables PINNs to approximate 
physical phenomena with significantly greater accuracy, even 
with scarce, absent, or low quality data [1]. 
 

Recent studies have demonstrated the strength of PINNs 
across various applications, notably in modeling wave physics 
[2], fluid dynamics [3], and cardiac activation mapping [4]. 
For example, the work of Sa, J. et al. [5] highlighted how 
PINNs can accurately predict velocity fields and shear-stress 
responses across different fluid systems. In addition, they 
showed essential fluid features even when the data is limited 
or contaminated with noise. Furthermore, researchers have 
proposed adaptive activation functions that have been shown 
to accelerate PINN training convergence, addressing some of 
the traditional problems of training deep learning models [6]. 

Nevertheless, this work aims to compare PINNs with 
ordinary NNs using numerically generated data from a simple, 
nonlinear, damped pendulum system and to analyze the 
results. Both networks will be trained on the full dataset, a 

linearly sparsified dataset, and a random uniformly sparsified 
dataset, and some features of this network will be discussed.  

II. MATHEMATICAL FRAMEWORK 

A. Generating data using numerical methods 
To investigate the predictive performances of both NNs 

and PINNs for a simple, nonlinear, and damped pendulum 
system, we must first introduce the dynamics of the nonlinear 
pendulum.  

The simple, nonlinear, and damped pendulum was chosen 
because it is one of the simplest examples students are 
introduced to when learning about dynamical systems 
governed by nonlinear differential equations. 

 

In Fig. 1, we observe a pendulum system, where m is the 
pendulum's bob mass, l is its length, ϴ is the angle of 
oscillation, and g is the acceleration due to gravity. From this 
information, we can derive the differential equation for the 
nonlinear motion of the pendulum by applying Newton’s law 
along the tangent of the oscillation arc. 

 𝐹 = 𝑚𝑎  

 𝑚𝑎 = − 𝑚𝑔𝑠𝑖𝑛(𝜃)  

 𝜃̈ = −
𝑔

𝐿
𝑠𝑖𝑛(𝜃) (1) 

 
Fig. 1. Illustrative diagram of a pendulum system 
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

The negative sign in Equation 1 indicates that the 
pendulum is decelerating as it moves toward the top of the arc. 
The only thing we are missing to complete the differential 
equation is the damping force, which can be modeled as 
follows: 

 𝜃̈ + (
𝑔

𝑙
) 𝑠𝑖𝑛(𝜃) + 𝑏𝜃̇ = 0 (2) 

The damping force is modeled as a simple assumption, 
namely, that it is linearly proportional to the object’s speed, 
with a constant of proportionality b, as shown in Equation 2. 

Now that the physics model of the pendulum is derived, 
the final step involves the generation of numerical data using 
the Runge-Kutta 4 method [7]. 

1. Continuous-Time Model 

 𝜃̇ = 𝜔  

 𝜔̇ = − (
𝑔

𝑙
) 𝑠𝑖𝑛(𝜃) − 𝑏𝜔 (3) 

 

2. State-Space Representation 

 𝑥1 = 𝜃  

 𝑥2 = 𝜃̇  

 𝑥1̇ = 𝑥₂  

 𝑥2̇ = − (
𝑔

𝑙
) 𝑠𝑖𝑛(𝑥1) − 𝑏𝑥₂ (4) 

3. Runge–Kutta 4 (RK4) Integration Scheme 

 
𝜃𝑛+1 = 𝜃𝑛 + (

ℎ

6
) (𝑘1

1 + 2𝑘2
1 + 2𝑘3

1 + 𝑘4
1)  

 
𝜃̇𝑛+1 = 𝜃̇ₙ + (

ℎ

6
) (𝑘1

2 + 2𝑘2
2 + 2𝑘3

2 + 𝑘4
2) (5) 

In Equations 3, 4, and 5, the derivation of the integration 
model is shown, where k₁, k₂, k₃, and k₄ are intermediate 
slopes computed from the system dynamics. 

The numerical solution of pendulum dynamics is shown in 
Fig. 2. The values of ϴ across the whole time series were 
generated using Equation 5. The states were propagated 

forward in time with a fixed step size h, producing trajectories 
used as training data. 

TABLE I.  CONSTANTS USED IN THE NUMERICAL GENERATION OF 
TRAINING DATA 

Symbol Value Description 
g 9.81 m/s2 gravitational acceleration 
l 0.7 m pendulum length 
b 0.3 damping constant 
Δt 0.001 sample time 

𝛳(𝑡 = 0) 1.57 rad 
initial conditions 

𝛳̇(𝑡 = 0) 0 rad/s 

time span 0 – 10s 
the time span during 
which the data was 

generated 
 

B. Classical Neural Networks 
NNs approximate unknown functions by composing affine 

transformations and nonlinear activation functions. Let 𝑥 ∈
 𝑅ⁿ denote the input and 𝑢(𝑥, 𝑡) the target function. A neural 
network approximation can be written as 

 𝑢(𝑥, 𝑡) ≈ ℎ(𝑥, 𝑡; 𝜔) (6) 

where h is a parameterized function defined by the 
network architecture, and 𝜔 denotes the trainable parameters. 
The main goal of NNs is to approximate the unknown function 
by adjusting the trainable parameters using an appropriate 
optimization algorithm. 

For classical NNs, the optimization problem is purely 
data-driven; in our case, for the cost function, we use only the 
true and predicted data points to compute the loss, as shown 
in Equation 7. 

 
ℒ𝑑 =

1

𝑁𝑑

∑‖𝜃𝑖 − ℎ(𝑡𝑖; 𝜔)‖2

𝑁𝑑

𝑖=1

 (7) 

The main limitation of this type of network is that, for low 
quality or noisy data, it overfits and fails to achieve the 
expected approximation. 

C. PINNs architecture 
On the other hand, PINNs extend standard NNs by 

embedding physical laws, typically expressed as partial 
differential equations, into the learning process. In our case, 
the unknown angular displacement 𝜃(𝑡) is approximated by a 
neural network as shown in Equation 8. 

 𝜃(𝑡) ≈ ℎ(𝑡; 𝜔) (8) 

For this to be PINNs, we need to embed physical laws; 
thus, we construct the physics-informed loss as the residual of 
the governing Equation 2. 

 ℛ(𝑡) = ℎ̈(𝑡; 𝜔) + (
𝑔

𝑙
) 𝑠𝑖𝑛(ℎ(𝑡; 𝜔)) + 𝑏ℎ̇(𝑡; 𝜔) (9) 

The more general physics loss function is described in 
following Equation 10. 

 
Fig. 2. Numerical genereted data using Eqations 5 (RK4) taking 

damping into consideration 
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ℒ𝑝 =

1

𝑁𝑓

∑‖ℛ(𝑡𝑗; 𝜔)‖
2

𝑁𝑓

𝑗=1

 (10) 

where 𝑁𝑓 are collocation points, a set of points where the 
physics residual is computed; the most important thing is that 
these points do not require a known solution. 

Temporal derivatives are computed via automatic 
differentiation. A special feature of PINNs is the avoidance of 
numerical discretization for calculating derivatives; instead, 
they are computed analytically via the chain rule. This ensures 
that the physics loss is not subject to truncation errors common 
in grid-based methods [8]. 

Finally, the total loss function of this network is shown in 
Equation (11). 

 
ℒ𝑡 =

1

𝑁𝑑

∑‖𝜃𝑖 − ℎ(𝑡𝑖; 𝜔)‖2

𝑁𝑑

𝑖=1

+
1

𝑁𝑓

∑‖ℛ(𝑡𝑗; 𝜔)‖
2

𝑁𝑓

𝑗=1

  

 ℒ𝑡 =  ℒ𝑑 + ℒ𝑝 (11) 

where ℒ𝑑 is a data loss enforcing agreement with known 
solution values (e.g., initial and boundary conditions), and ℒ𝑝 
is a physics loss penalizing violations of the governing ODE 
at collocation points within the domain. Both terms are 
typically formulated as mean squared errors. The network 
parameters are optimised by minimising a composite loss 
function that combines data, physics, and initial and boundary 
conditions. 

This type of network can achieve good results even with 
sparse or low quality data – that is its advantage and will be 
discussed in the following text. 

III. TRAINING SETUP 
The main thing when using PINNs is the inclusion of a 

physics-informed component in the loss function based on the 
differential equation residual. 

 
ℒ𝑑 =

1

𝑁𝑑

∑|𝜃𝑝 − 𝜃𝑑
𝑖 |

2

𝑁𝑑

𝑖=1

 (12) 

 
ℒ𝑝 =

1

𝑁𝑝

∑ |𝜃̈𝑓
𝑖 + (

𝑔

𝑙
) 𝑠𝑖𝑛(𝜃𝑓

𝑖) + 𝑏𝜃̇𝑓
𝑖|

2
𝑁𝑝

𝑖=1

 (13) 

 
ℒ𝑖 =

1

2
|𝜃𝑝(𝑡0) − 𝜃𝑑(𝑡0)|

2
+

1

2
|𝜃̇𝑝(𝑡0) − 𝜃𝑑̇(𝑡0)|

2
 (14) 

 ℒ𝑇 = 𝜆𝑑ℒ𝑑 + 𝜆𝑝ℒ𝑝 + 𝜆𝑖ℒ𝑖 (15) 

As seen in Equation 13, the total loss ℒ𝑇 is calculated as 
the sum of the loss due to data ℒ𝑑 , physics ℒ𝑝 , and 
initial/boundary conditions ℒ𝑖 , and is multiplied by 
configurable hyperparameters to have additional enforcement 
on the loss constraints 𝜆𝑑, 𝜆𝑝, and 𝜆𝑖. 

The neural network architecture consists of an input layer, 
three hidden layers with 32 neurons each, and a linear output 
layer. As shown in Table 2, the network employs a hybrid 
activation strategy: the first hidden layer uses a sin activation 
function, and the second and third layers use tanh activation 
functions. The choice of this arrangement is motivated by the 
use of various activation functions; optimal results were 
obtained with a network integrating sine and hyperbolic 

tangent functions, and this configuration better represents the 
periodic nature and oscillatory behavior [9]. 

Before the training part, the input data needed to be scaled 
using the Z-score method. This was crucial because PINNs 
can struggle when the input and output have very different 
scales [10]. 

The Adam optimizer (Adaptive Moment Estimation) was 
selected as the default optimization algorithm. For all tests, the 
step size was set to 0.001 and the number of epochs to 3000. 
The hyperparameters were set to 𝜆𝑑=1, 𝜆𝑝=0.1, 𝜆i𝑐=0.05, and 
the number of collocation points for all experiments was fixed 
to 𝑁𝑓=100. For the training data, three configurations were 
evaluated: linearly spaced, uniformly distributed, and the 
complete dataset. In this way, the network's approximation 
performance was tested. 

TABLE II.  NEURAL NETWORK ARCHITECTURE 

Layer Type Neurons Activation 

Input Time(t) 1 / 

Hidden 1 Fully 
connected 32 sin 

Hidden 2 Fully 
connected 32 tanh 

Hidden 3 Fully 
connected 32 tanh 

Output Angle(𝜃) 1 1 
 

The code is implemented in Julia using the Lux library 
[11]. Training is run on a workstation with an Intel i5-12400F 
CPU (6 cores), 16 GB RAM, and an AMD Radeon RX 6600 
GPU. The GPU is not utilized because the HIP SDK is not 
supported on Windows 10. Nevertheless, Lux.jl offers XLA 
(Accelerated Linear Algebra), which can speed up training 
even on a CPU. 

 

IV. RESULTS 
As shown in Table 3, the tests were conducted with 

varying data sizes and two sparsification methods. In Fig. 3, 

 
Fig. 3. Comparison of NN and PINN approximation based on 5 
uniformly distributed training points. 
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the NN fails to predict the exact solution of the pendulum 
dynamics with uniformly distributed 5 data test points. 

 

TABLE III.  RMSE VALUES FOR VARIATIONS OF NP 

TABLE IV.  POINTS OF VARIABLY-SPACED TRAINING POINTS 

 Uniformly-distributed 
data points 

Linearly-spaced data 
points 

Np NN PINN NN PINN 

5 1.4217 0.0015 1.3564 0.0069 

25 0.2643 0.0084 0.2437 0.0004 

50 0.1121 0.0003 0.0071 0.0004 

 

The inability of NNs to approximate is first caused by a lack 
of data and, second, by uniform sparsification, which reduces 
the accuracy of NNs because these samples fail to capture the 
local curvature and phase of the nonlinear pendulum 
dynamics, causing the network to interpolate across large 
temporal gaps. 

In Table 3, PINNs outperform NNs with fewer data points. 
With linearly spaced data points, NNs' RMSE remains fairly 
accurate with 50 data points; with fewer than that, 
performance deteriorates significantly. Even with 50 data 
points, NN performance is inadequate for uniformly 
distributed data. This is because NNs rely heavily on available 
data, and when the data are insufficient, they tend to overfit. 
In comparison, PINNs can still approximate the solution with 
less data, achieving much lower generalization loss because 
they have an embedded physical loss that drives the solution 
toward the exact solution. 

Figure 4 shows that the NN converges faster than the 
PINNs. This is because NNs solve a simpler, unconstrained 
interpolation problem, and by doing so, they rapidly converge 
to fit the given data points. However, PINNs have to do more 
iterations as they explore a complex multi objective landscape 
that has to compromise the data accuracy with the physical 
ODE residuals. 

V. CONCLUSION 
As seen from the results, PINNs outperform classical NNs 

in a sparse-data setting; on the other hand, if there is enough 
data for training, the recommended network should be NNs, 
because they can converge rapidly with sufficient data points 
and require less computational power. In most cases, PINNs 
are structured with complex architectures and complicated 
loss functions. These loss functions are filled with a lot of local 
minima, and global minima cannot always be guaranteed. 
Even a slight change in initial weights and distribution of data 
points can change the stability and robustness. Hence, more 
robust NN architectures are required to overcome this 
problem.  

To gather more information, the goals of future work 
should incorporate noisy data and data from a real pendulum 
system, and other architectures should be tested, for example, 
inverse PINNs (iPINNs). 
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Fig. 4. Comparison of PINNs and NNs tested with 100 linearly 

spaced training points. NN converges to an accurate solution after 240 
iterations, while PINNs solution faces a delayed convergence after 600 

iterations. 
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