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Abstract— Pricing American-style options is a challenging 

problem due to the flexibility of early exercise. Closed-form 

analytical solutions are generally unavailable, particularly for 

models with complex dynamics. This paper presents a detailed 

exposition of the Neural Network Monte Carlo (NNMC) method 

for pricing American options. The method approximates 

continuation values via regression on suitable artificial neural 

network model. We provide a step-by-step description of the 

algorithm, numerical examples, and a comparative analysis 

with binomial models, highlighting convergence properties and 

the early exercise values of the options. 
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I. INTRODUCTION 

American options grant the holder the right to exercise at 
any time prior to maturity, distinguishing them from European 
options and introducing a nontrivial optimal stopping 
problem. This flexibility significantly complicates their 
valuation, as the holder must decide at each time whether 
immediate exercise or continuation maximizes expected 
payoff. Consequently, American option pricing has attracted 
considerable attention in both financial engineering and 
computational science. 

Early numerical approaches relied on lattice-based 
techniques, most notably the binomial and trinomial tree 
models introduced by Cox, Ross, and Rubinstein [1]. These 
methods discretize both time and the underlying asset price 
and approximate the optimal exercise boundary via backward 
induction. Finite-difference methods were later developed to 
solve the free-boundary partial differential equations 
associated with American options [2]. While effective for low-
dimensional problems, such approaches suffer from the curse 
of dimensionality and become impractical when multiple state 
variables are involved. 

Monte Carlo simulation is widely used in computational 
finance due to its flexibility and favorable scaling in high 
dimensions. However, standard Monte Carlo methods are 
inherently forward-looking and therefore unsuitable for 
problems involving early exercise. A major breakthrough was 
achieved by Longstaff and Schwartz [3], who proposed the 
Least-Squares Monte Carlo (LSMC) method. Their approach 
approximates continuation values using regression on 

simulated paths, enabling efficient valuation of American-
style derivatives even in complex settings. 

Subsequent research has focused on improving the 
accuracy and convergence properties of the LSMC method 
through the choice of basis functions, variance reduction 
techniques, and alternative regression schemes [4], [5].  

Recent advances in American option pricing build upon 
the classical Least-Squares Monte Carlo (LSMC) framework 
by incorporating modern regression techniques and machine-
learning methodologies. Gaussian process regression 
combined with deep kernel learning has been shown to 
significantly improve pricing accuracy in high-dimensional 
settings, particularly under models with jumps and stochastic 
volatility [6]. Neural-network-based approaches, including 
Kolmogorov-Arnold Networks, replace predefined basis 
functions with data-driven representations, yielding more 
robust continuation value estimates and improved data 
efficiency [7]. 

Further methodological enhancements include gradient-
enhanced sparse polynomial expansions, which improve both 
pricing accuracy and sensitivity estimation (Greeks) while 
mitigating the curse of dimensionality [8]. From a 
computational perspective, distributed and parallel 
implementations of LSMC have been proposed to scale Monte 
Carlo simulations efficiently across large computing 
infrastructures, substantially reducing runtime for large-scale 
problems [9]. Additional variance-reduction strategies, such 
as importance sampling combined with shifted regression 
schemes, have demonstrated meaningful reductions in 
estimator bias and variance [10], while generic regression 
improvements for optimal stopping problems further 
strengthen the theoretical foundation of modern LSMC 
techniques [11]. 

This paper extends the standard exposition of the LSMC 
framework by introducing the regression model based on 
artificial neural networks. Instead of using standard regression 
models for the prediction of the continuation value, we 
implemented the neural networks for this purpose. The paper 
presents a detailed algorithmic description, numerical 
illustrations, and an extensive comparison with the binomial 
and LSMC pricing methods. 
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II. PRICING AMERICAN OPTIONS 

A. Owerview 

An American option gives the right to be exercised at any 
time before maturity. Under the risk-neutral measure, its value 
is defined as the supremum over all stopping times of the 
expected discounted payoff, where the values of a call and a 
put option are given respectively as 

𝐶 = max
𝜏

𝐸 [𝑒− ∫ 𝑟(𝑤,𝑠)𝑑𝑠 
𝜏

0 max{𝑆(𝜏) − 𝐾, 0}], 

𝑃 = max
𝜏

𝐸 [𝑒− ∫ 𝑟(𝑤,𝑠)𝑑𝑠 
𝜏

0 max{𝐾 − 𝑆(𝜏), 0}], 

for all the moments 𝜏 ≤ 𝑇. 𝑟(𝑤, 𝑠) is the possible risk-free 
interest, related to given tendency of development 𝑤 . For 
simplicity we will assume that risk-free rate is constant, i.e. 
doesn’t depend on 𝑤 . Further, 𝐾 is the strike price, defined 
through the contract agreement, wile 𝑆(𝜏) is the price of the 
underlying security at moment 𝜏. 

Unlike European options, valuation requires determining 
an optimal exercise boundary separating exercise and 
continuation regions. At each exercise date, one has to decide 
whether to exercise the option or to wait. In order to price an 
American option we must determine the optimal exercise 
boundary i.e. the boundary which separates the early exercise 
and the continuation regions. 

Some analytical solutions for American options have been 
proposed, but there is no easily computable formulae currently 
available, and again numerical methods are required. Also, it 
may happen that very strict assumptions implemented in 
analytical solutions can lead to an (empirically) unrealistic 
model. Above all, when the assets have some complex 
features such as multiple stochastic processes, non-Markov 
property etc. and they cannot be priced, in general case, by any 
analytical method. 

Due to the lack of general closed-form solutions, 
numerical methods are required. These include lattice 
methods, finite-difference schemes, quadrature methods, and 
Monte Carlo simulation. Monte Carlo methods simulate paths 
of the underlying security. This approach is particularly 
attractive when dealing with complex dynamics or multiple 
state variables. 

In the paper we are dealing with one underlying asset. We 
simulate evolution of the value of this asset over the time 
interval [0, 𝑇], where 𝑇 is time to maturity. This interval is 
discretized into 𝑚 mutually equal subintervals. The general 
assumption is that the price of the underlying asset 𝑆(𝑡) 
follows the stochastic differential equation 

𝑑𝑆(𝑡) = 𝑟𝑆(𝑡)𝑑𝑡 + 𝜎𝑆(𝑡)𝑑𝑊(𝑡) , 

where 𝑟 is a growth rate (in our case it is a constant risk-free 
rate), 𝜎  is a volatility of the process 𝑆(𝑡)  and 𝑊(𝑡)  is the 
Brownian motion. 

 In order to simulate the dynamic of the above differential 
equation we will use the Euler approximation 𝑆𝑖 of 𝑆(𝑡𝑖) on a 
time grid 0 = 𝑡0 < 𝑡1 < ⋯ < 𝑡𝑚 = 𝑇. It is defined as 

 𝑆𝑖+1 = 𝑆𝑖 + 𝑟𝑆𝑖[𝑡𝑖+1 − 𝑡𝑖] + 𝜎𝑆𝑖√𝑡𝑖+1 − 𝑡𝑖𝑍𝑖+1. 

The initial value 𝑆0  is the current market price of the 
underlying asset. The random variables 𝑍𝑖  are independent 
identically distributed, following the standard normal 
distribution.  

B. Neural Network Approach 

The core idea of the NNMC method is to approximate the 
continuation value of the option using artificial neural 
networks. Time is discretized into a finite number of exercise 
dates, and a large number of asset price paths are simulated 
under the risk-neutral measure.  

We assume that there exist only 𝑚  exercise dates, 0 =
𝑡0 < 𝑡1 < ⋯ < 𝑡𝑚 = 𝑇 . For a sufficiently large number 𝑚 
we converge to the real value of American option (which can 
be exercised continuously in time). The continuation value is 
equal, under no-arbitrage condition, to the risk-neutral 
expectation of the discounted future cash flow, i.e. 

𝑉(𝑡𝑖) = 𝐸𝑄 [ ∑ 𝑒
− ∫ 𝑟(𝑠)𝑑𝑠

𝑡𝑗
𝑡𝑖 𝐶(𝑡𝑗; 𝑡𝑖 , 𝑇)|𝐹𝑡𝑖

𝑚

𝑗=𝑖+1

], 

where 𝐹𝑡𝑖
 is the information set up to time 𝑡𝑖. 𝐶(𝑡𝑗; 𝑡𝑖 , 𝑇) are 

future cash flows that can occur in the future, up to maturity. 
The idea is that this conditional expectation can be 
approximated using the neural network approach. 

At each exercise date, the continuation value is estimated 
by regressing discounted future cash flows on a set of previous 
underlying asset values. The regression model is a single 
hidden layer feedforward neural network defined as 

∑ 𝜶𝑖ℎ(𝒘𝑖 ⋅ 𝒙𝑗 + 𝑏𝑖) = 𝑓𝑗

𝐿

𝑖=1

, 

where 𝒘𝑖 = [𝑤𝑖1 , 𝑤𝑖2, … , 𝑤𝑖𝑛]𝑇 is a weight vector that 

connects the 𝑖𝑡ℎhiddent neuron and all input neurons. Vector 
𝜶𝑖 = [𝛼𝑖1, 𝛼𝑖2, … , 𝛼𝑖𝑚]𝑇 is a vector of weights that connects 

𝑖𝑡ℎ hidden neuron with the output neuron, and 𝑏𝑖 is a bias of 

the  𝑖𝑡ℎ neuron. 

 The input layer has three neurons and they contain values 
of the underlying asset from the previous three moments. The 
hidden layer has 15 neurons, while the output layer will the 
value of the discounted payoff.  

 Parameter estimation of this model is conducted by the 
back-propagation algorithm, where the initial values for 
weights and bias are set arbitrarily.  

C. Neural Network  Monte Carlo Method 

The first step of this method is to generate enough number 
of paths that represent the evolution of the underlying asset 
price up to maturity T. For that purpose generate set of 1,000 
sample paths. For these paths the risk-free rate and the 
volatility are set to be constant.  

Starting for the moment 𝑡𝑚 = 𝑇 we first calculate payoff 
for each sample path. The question that arise here is whether 
the payoff would be bigger if the option was exercised at the 
moment  𝑡𝑚−1 . So, the payoff at 𝑡𝑚 is discounted to the 
moment 𝑡𝑚−1 . That value will be used to train the neural 
network. For the given input vector, the output will be the 
continuation value. The exercise decision is then made by 
comparing the immediate payoff with the estimated 
continuation value. 

Thus, at each moment 𝑡2 < 𝑡𝑘 < 𝑡𝑚 , we will need the 
trained neural network whose output value is the continuation 
value for the moment 𝑡𝑘  for a particular sample path. The 
process goes back in time, only for the paths that are in-the 
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money. Namely, for some moment 𝑡𝑘if process is out-of-the 
money, immediate payoff is zero, thus we will always 
consider the continuation value as the favorable choice. 
Accordingly, in order to train the neural network we will use 
only in-the money sample paths for the moment 𝑡𝑘. Then, in 
order to make the exercise decision, the neural network 
estimates the continuation value for the in-the money paths. If 
the output value is bigger than the discounted future payoff, 
the decision is to exercise the option at 𝑡𝑘 . The payoff 
generated this way (after discounting for moment in time) will 
be used to train a new network for the moment 𝑡𝑘−1.  

This backward induction continues until the initial time, 
i.e. until 𝑡3, since the first three values are necessary to train 
the model. For sufficiently large 𝑚, it can be assumed that the 
option will not be exercised in the first three moments. Finally, 
across all sample paths, we will observe and collect the 
payoffs, and discount these values to the moment 𝑡0. Average 
of the discounted payoff values will be the value of the 
American option. For all discounting mentioned in the 
previous discussion, the same rate 𝑟  is used that figures 
through the entire model. 

 

III. NUMERICAL RESULTS 

In this section we will discuss the results obtained with the 
NNMC method when using different discretization of the 
holding period. These results will be compared with the results 

obtained using the binomial method [1] and the LSMC 
method [3]. Also, for the comparison reason the value of the 
Black-Scholes model will be given [4]. Although it provides 
values for European options (where no early exercise is 
possible), we will use the Black-Scholes model to observe the 

early exercise values for a call and put options of the American 
type. 

We set the time to maturity to be one year, where we 
discretize this period to time interval Δ𝑡, where  

Δ𝑡 ∈ { 0.05, 0.0125, 0.004}. 

Corresponding number of steps for the binomial method will 
be 20, 80 and 250 steps respectively. The options we are going 
to price are an American call and an American put option with 
spot price 𝑆0 = 100, time to maturity 𝑇 = 1, risk-free rate 
𝑟 = 0.05 , volatility 𝜎 ∈ { 0.3, 0.5}  and strike prices 𝐾 ∈
{90, 100, 110}. The results are summarized in Table I and 
Table II.  

Table I and Table II also report early exercise values. The 
early exercise value is a difference between the American and 
European option values, where the European call and put 
prices are given by the Black-Scholes equation.  

The early exercise component is the most difficult 
component to determine when pricing American style options. 
From a theoretical perspective, it is well known that an 
American call option written on a non-dividend-paying 
underlying asset should never be exercised prior to maturity 
[4]. Consequently, the value of such an American option 
coincides with, or is extremely close to, the value of the 
corresponding European option. Although the American 
option price is always at least as large as the European price, 

the early exercise premium in this setting is effectively zero. 
The numerical results presented in Table I confirm this 
theoretical property, as the all three estimates closely match 
the corresponding European benchmark values. 

TABLE I.  PRICES OF AMERICAN CALL OPTIONS AND THE CORRESPONDING EARLY EXERCISE VALUES. 

Strike Volatility 
Time 

steps 

Price Early exercise value 

Black-

Scholes 
Binomial LSMC NNMC Binomial LSMC NNMC 

90 

0.3 

0.08 19.6974 19.6415 19.6222 19.6951 -0.0559 -0.0752 -0.0023 

0.05 19.6974 19.6072 19.6628 19.7057 -0.0902 -0.0346 0.0083 

0.0125 19.6974 19.6942 19.7086 19.6993 -0.0032 0.0112 0.0019 

0.5 

0.08 26.3727 26.5374 26.0686 26.3711 0.1647 -0.3041 -0.0016 

0.05 26.3727 26.4107 26.4007 26.4026 0.038 0.028 0.0299 

0.0125 26.3727 26.2991 26.4284 26.3803 -0.0736 0.0557 0.0076 

100 

0.3 

0.08 14.2313 14.148 13.8699 14.071 -0.0833 -0.3614 -0.1603 

0.05 14.2313 14.2036 14.3186 14.283 -0.0277 0.0873 0.0517 

0.0125 14.2313 14.2285 14.3491 14.299 -0.0028 0.1178 0.0677 

0.5 

0.08 21.7926 21.6542 21.6819 21.791 -0.1384 -0.1107 -0.0016 

0.05 21.7926 21.7462 21.7991 21.858 -0.0464 0.0065 0.0654 

0.0125 21.7926 21.7879 21.7951 21.869 -0.0047 0.0025 0.0764 

110 

0.3 

0.08 10.0201 9.9709 9.9795 10.059 -0.0492 -0.0406 0.0389 

0.05 10.0201 9.9352 10.0067 10.032 -0.0849 -0.0134 0.0119 

0.0125 10.0201 9.9989 10.0396 10.037 -0.0212 0.0195 0.0169 

0.5 

0.08 17.9623 18.1528 17.5071 17.903 0.1905 -0.4552 -0.0593 

0.05 17.9623 18.0309 17.9925 17.992 0.0686 0.0302 0.0297 

0.0125 17.9623 17.8987 17.9745 17.979 -0.0636 0.0122 0.0167 
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Further, the results reported in Table I indicate that the 
Binomial and LSMC method are more sensitive to the holding 
period discretization. When Δ𝑡 = 0.0125, the methods 
produces reasonably accurate estimates, however, systematic 

underestimation of the option value is observed under certain 
parameter configurations. In contrast, NNMC provides more 
robust results, where only for Δ𝑡 = 0.08  it shows some 
deviations. Nevertheless, even with the NNMC method, 

TABLE II.  PRICES OF AMERICAN PUT OPTIONS AND THE CORRESPONDING EARLY EXERCISE VALUES. 

Strike Volatility Time steps 

Price Early exercise value 

Black-

Scholes 
Binomial LSMC NNMC Binomial LSMC NNMC 

90 

0.3 

0.08 5.3081 5.5214 5.474 5.5101 0.2133 0.1659 0.202 

0.05 5.3081 5.468 5.5819 5.5402 0.1599 0.2738 0.2321 

0.0125 5.3081 5.5518 5.519 5.545 0.2437 0.2109 0.2369 

0.5 

0.08 11.9834 12.5075 12.2975 12.431 0.5241 0.3141 0.4476 

0.05 11.9834 12.3911 12.4093 12.3901 0.4077 0.4259 0.4067 

0.0125 11.9834 12.321 12.2181 12.3209 0.3376 0.2347 0.3375 

100 

0.3 

0.08 9.3542 9.8594 9.7213 9.801 0.5052 0.3671 0.4468 

0.05 9.3542 9.8812 9.8152 9.815 0.527 0.461 0.4608 

0.0125 9.3542 9.8722 9.7194 9.819 0.518 0.3652 0.4648 

0.5 

0.08 16.9155 17.4232 17.3357 17.323 0.5077 0.4202 0.4075 

0.05 16.9155 17.4621 17.4586 17.402 0.5466 0.5431 0.4865 

0.0125 16.9155 17.4519 17.1832 17.412 0.5364 0.2677 0.4965 

110 

0.3 

0.08 14.6553 15.6105 15.4178 15.511 0.9552 0.7625 0.8557 

0.05 14.6553 15.5434 15.5285 15.49 0.8881 0.8732 0.8347 

0.0125 14.6553 15.6198 15.2624 15.488 0.9645 0.6071 0.8327 

0.5 

0.08 22.5976 23.6052 23.1947 23.431 1.0076 0.5971 0.8334 

0.05 22.5976 23.4775 23.3596 23.322 0.8799 0.762 0.7244 

0.0125 22.5976 23.3935 22.9221 23.391 0.7959 0.3245 0.7934 

 

  

  

  
Figure I. Early exercise value presented by Table II, with respect to the given parameter values. 
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sufficiently fine time discretization remains necessary to 
ensure reliable convergence. 

The binomial method, while conceptually straightforward 
and widely used, also tends to underestimate option values 
when the number of time steps is limited. Accurate 
approximation of the option price therefore requires a very 
fine time grid, which increases computational cost. 

In the second part of the analysis, American put options 
are considered under the same market parameters as the 
previously examined call options. The corresponding results 
are summarized in Table II, with binomial estimates again 
serving as a benchmark for comparison. Unlike the call case, 
early exercise plays a significant role in the valuation of 
American put options. Table II highlights that the early 
exercise premium constitutes a substantial component of the 
total option value. The graphical representation of this 
discussion is presented by Figure I. For practical reason only 
the early exercise values from Table II are given. We can 
notice that, in most cases, the early exercise values are more 
stable with NNMC than with other two methods. 

Furthermore, the numerical evidence suggests that the 
NNMC method converges more rapidly than LSMC. For 
sufficiently small time steps, both methods yield accurate 
estimates when 1,000 Monte Carlo simulations are performed. 
However, it should be emphasized that all considered 
numerical approaches for pricing American-style derivatives 
are computationally intensive, particularly due to the 
combination of large path simulations and repeated regression 
or neural network procedures required at each exercise date. 
When comparing the three methods with respect to the 
computational time, we can conclude that the Binomial is the 
fastest one. The LSMC is faster than the NNMC method for 
the same number of time steps, but it should be mentioned that 
the NNMC converge faster and it needs less time steps in 
compare the LSMC method.  

Discussing the absolute error or mean squared error with 
respect to the true values of the American options is beyond 
the scope of the paper. For that purpose, the true values from 
stock exchanges are necessary, and these data are not easily 
obtained. 

CONCLUSION 

This paper presented an expanded analysis of the Neural-
Network Monte Carlo method for pricing American options. 
The method effectively combines Monte Carlo simulation 
with regression-based approximation to address the early 
exercise feature. The NNMC method provides adequate 
results for the call and put options with the tested set of 
parameters. Numerical results demonstrate that the 
discretization of the holding period plays a crucial role in 
accuracy and convergence. On the other hand, this 
discretization significantly increases the computation time. 
While the LSMC method is more sensitive to the 
discretization of the holding period the options with longer 
maturities represent the challenging task for this method. In 
these cases the NNMC method comes up as one possible 
solution. 

Future research directions include efficient parallel 
implementations. These developments may further enhance 
the applicability of NNMC methods in large-scale 
computational finance problems.   

Also, one of the extension of this research could be the 
comparison of these methods on the more complex 
derivatives. Namely, when having only one underlying asset 
in the option contract, it can be expected that standard linear 
regression method such as LSMC performs adequately. But 
when the complexity of the underlying asset increases, the 
linearity between two time steps will be disturbed. Thus, the 
necessity for some more complex and reliable model arises. 
Following the proof of concept from this paper, the NNMC 
method imposes itself as an applicable method for this 
purpose. 
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